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Noi dung

e M0t sO van dé nén tdng todn hoc dugc st dung
e Toan hoc cho hoc may

e Nén tadng cd ban cia mang luGi than kinh nhan tao
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Vector

e Dai s6 tuyén tinh nham nghién cttu vé€ vector va cac thao tac trén vector, trong linh vuc
Khoa hoc mdy tinh cling nhu Khoa hoc di liéu, vector 12 m6t mang mot chiéu cua cac
dai lugng vo6 hudng c6 gia tri thuc su.

o Con trong Toan hoc, vector 1a mot dai lugng c6 ca do 16n va huéng, dugc bi€u thi bing
mot mii tén bi€u thi huéng va do dai (length) ctia no ty 1é thuin véi do 16n (magnitude).
Vector & day xuat phat tir vector hinh hoc qua hinh tugng c6 ddu miii tén — bén trén,

) —
chang han, vector AB
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o Trong thuc t€ cé rat nhi€u khai niém c6 thé dién gidi thanh vector; chang han

- Vector hinh hoc: Cho 2 vector loai hinh hoc X, 7 va dai lugng vo huéng 4 € R, khi
do ta co theé tao ra

) vectorténg Z = x +y

» vector gap A lan U =A%

e Khido 7, u cling déu la vector loai hinh hoc
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- Pa thic vector: Cho da thiuic bac n v6i mot bién doc 1ap x. Ky hiéu

P(x) =ay+ax+ax*+...+a, x"'+ax"

» Da thic nay cé thé dudc coi 1a da thiic vector khi ta biéu dién P(x) dudi dang n + 1

thanh phan ay,ay,...,a,_;,a,

» Cho thém da thic Q(x) c6 cac thanh phan 1a by, by, ..., b, {,b,. TU do, ta cé thé tao
ra da thtc vector R(x) = P(x) + Q(x) mdi bang cach cong 2 da thic vector theo quy
udc 1a cac thanh phan dudc cong véi nhau la
ag+ by, a,+by,...,a,_+b,_,a,+b,

» Tuong ty véi viéc nhan v6i mot vo huéng 4 € R dé co da thic T(x) = AP(x) véi cac

thanh phan Aay, Aa,, ..., a,_;, Aa,

n—1»
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- Vector tin hiéu Am thanh: M6t tin hiéu Am thanh co6 thé biéu dién bdi mot chubi
cac con sO.

» Khi do ta cé thé cong 2 tin hiéu, nhan tin hiéu 1én mot dai lugng nao do
» KE€t qua tin hiéu cong hay tin hiéu nhan ciing 1a vector tin hiéu 4&m thanh

- Phan ti cta R" 1a vector cé n s6 thuc R: Cho n s6 thuc x;, x,, . .., x, € R. Ky hiéu

vector trong trudng hop nay 1 x = (x;,X,, ..., X,), hoicx = [x; x, ... x |7

- Trong tin hoc, khi x 1y dit liéu s6, chung ta st dung vector cac s6 thuc nhu trén, nén
dai lugng vo6 huéng & day l1a so thuc.
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TICh VO hudng # Minh hoa béng Python

) . ) . import numpy as np
o Tich v6 hudng: Cho 2 vector u = (uy, Uy, ..., U,) va

_ ~ hid 12 u = np.array([1, 2, 3])
v = (v, Vy,...,V,) dudc ky hiéu la v - np.array(4. 5. 6]

np.dot(u, v)

n

w.v=ulv=_{_uv)= Zuivl-

i=1
e Y nghia vé mit hinh hoc cta tich vé huéng nhu hinh L

e Khido (u,v) = ||ul|||v|| cos 8, véi ||.|| 1 chi€u dai cta
vector.

- Khi @ = 90°, nghia 14 2 vector u, v vudng goc vé6i
nhau thi cos @ = 0, nén (u,v) =0
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Ma tran (Matrix)

e Ma trin dong vai tro trong tAm cuia Dai s6 tuyén tinh. Chung ta c6 thé dung d€ biéu dién
mot hé phuong trinh (system of linear equations) hodc mot ham hay mot &nh xa tuyén
tinh (linear function/linear mapping)

o Pinh nghia ma trin: Ma trin A v6i m, n phan t 1a mét ddy gom m X n phan ti
a, i =1,...,m, j = 1,....,n d¢ tao thanh mo6t hinh ch@ nhat gdbm m dong va n c6t nhu sau:

G110 Gl
a21 a22 oo o azn

A — . . . . Clij = R
Al A2 n
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o Nhu vay, thuc chit ma trdn A 1a mot vector thudc R,

e Nén ciing c6 thé cong 2 ma trin va nhan ma tridn véi mot con sd véi quy u6e

a;, +b,, an+b, ... a,+b,
A+B= a21-!-b21 azz‘!'bzz azn‘!‘bzn
| Gy b,, a,+b, ... a,,+ bmn_
ay, day ... Jay,
va AA = /16?1 ’16%22 e Aay,
_’m.ml /161.m2 ﬂamn_
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Ngoai ra, cting co thé dinh nghia thém phép nhan 2 ma trin nhu sau:

Cho A 1a ma tran m, n phan t; B 1a ma trin cé n, k phan t@. Phan ta ¢;; cua ma trdn tich
n

C = AB dudgc tinh bdi: Cjj = Z aﬂblj, i=1m,j=1ik
I=1

12 3 01
Vidu:ChoA:[ eR¥>3 B=]1 2| € R**?
3 2 1
2 3
0 1
1 2 3 5 7 55
A: = R
Suy ra [3 ) 1] [1 O] [3 5 S

1 2
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Python

e Bing Python, dung thu vién numpy c6 thé viét nhu sau dé tinh C = AB

import numpy as np

# Cho 2 ma tran A, B

A = np.array( [I[1,2,31,13,2,111 )

B = np.array( [[0,1],[1,01,1[1,21] )

# Tich C = AB
C = A.dot(B)

# Xudt cadc ma tran
print( "A =", A )
print( "B =", B )
print( "C =", C )
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o Pinh nghia ma tran don vi: Trong R™", ma tran don vi (Identity matrix) hay ma trin

1 0 ... 0]
. T 1 ey 0O 1 ... O nxn
dong nhatl, l1a matran co dangl, = | . . .| €ER
0 0 ... 1

e Trong numpy cua Python, ma trin don vi cip n c6 thé tao bing 1énh np.eye(n)

o Pinh nghia ma trin nghich ddo: Cho ma trin vuéng A € R™™". Gid st ma tran
vuong B € R™" ¢4 tinh chat AB = I, = BA. Thi B dugc goi ma ma tran nghich ddo

(Inverse matrix) cia ma tran A. Khi do ky hiéu la AL
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Python

e Bing Python, dung thu vién numpy c6 thé viét nhu sau d€ tim nghich ddo ctia ma tran

import numpy as np

# Cho ma tran A
A = np.array( [[1,2,1]1,1[4,4,51,106,7,7]1] )

# B 1la nghich dao cua A
B = np.linalg.inv(A)

print( "Inverse Matrix of A =", B )
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« Pinh nghia ma trin chuyén vi: Cho ma trin A € R™". Ma trin B € R™" vdi

sz = a;, Vi = 1,n, j =i,m dugc goi 12 ma trdn chuyén vi (Transpose Matrix) ctia ma trin A . Ky

hicuB=A".
e Tinh chat;

AA T =T=A"1A

(AB)"! =B 1A-1

AH"'=4

A+BT=AT+BT

(AB)! = BTAT
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o Pinh nghia ma tran d6i xing: Ma trin A € R™" dugc goi 1a ma tran doi xting
(Symmetric Matrix) néu nhu A = A’
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Khong gian vector (Vector Space)

D¢ hi€u v€ Khong gian vector (Vector Space) trugc hét ta cin biét v€ khai niém nhom

Pinh nghia nhém (Group): Cho tip hgp & va phép todn @ : & X & — & dugc dinh
nghia trén &. Thi G := (&, @ ) dudc goi 1a nhém néu thod cac di€u kién sau:

Vx,ye & . x@yeg

V,y,2€5 : xDy)®z=xD (yD2)

dee G,Vxe & . x@Pe=xvae@® x = x(egoilaphan td trung tinh)

Vxe &:dye ?/x@y =eva y @ x = e (v6i e la phan t trung tinh va y thudng
ky hiéu la x~1)
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e Pinh nghia nhoém Abel (Abelian Group): La nhom ma cé tinh giao hodn, nghia la:
Vx,ye€ & . xPy=yDx

e Phép toan "cong” @ trong anh xa @ : & X &€ — & nhu trén goi la phép toan trong
(inner operator) cia Nhom G := (&, @ ); ngoai ra c6 thé bo sung thém phép toan
"nhan" © goi 14 phép todn ngoai (outer operator) d€ cé thé tac dong v6i mot phan t
khong thudc tip hdp € (chang han 14 phan ti thudc tap K) dé
VieKkKVxe&:A0xe &
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e DPinh nghia khong gian vector (Vector
Space): Khong gian vector V' 1a m6t nhém
V.= (7, ® ) véi tip hop 7 v6i 2 phép toan

- VXV -7, Trong do

- 0. KXx¥ -7 V:=(7,®)va (K, ®)lanhém Abel

VIEKVX,YyEZ :A0x®Y)=L0x)DL0OY)

ViwyeRVxeZ7 :Aoy)®x=L0x) WOy

Viw ek xe7 :A0ywox)=UOyw) Ox
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e Vidu: Tap cac sO thuc v6i phép toan cong R”, n € N 1a khong gian vector vGi phép
todn cong va nhan dugc dinh nghia nhu sau:

y VOix = (x;,%,....,x,) ER"vVay=(y,y,...,y,) € R" thi
X+y=0 +yp%+ V... .x, +Y,)

» Vale R, x = (x,x5,...,x,) € R", thi Ax = (Ax, Ax,,...,4x,)
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e Vidu: Tap hgp ma trin gobm m dong va n cot cac s6 thuc R™", m, n € N 1a mot khong

gian vector vGi phép todn cOng 2 ma tran:

VGi A =

A+B

a;

“n| p

n

bll b12
b21 b22
bml bm2

Ay + bln
yy + bZn

amn + bmn_

21

b,

b
(' thi

n

bmn

VA, B € R™"
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e Va phép nhan mot so6 thuc v6i ma tran dugc dinh nghia nhu sau:

_/Iall Aap, ... Aay,
JA = /16?21 /10.‘22 /16?211 VieER,A e R"™"
] Ay Ay e Ady,

o Nhu vy, khong gian vector 1a mot nhém Abel vGi phép todn bén trong nhém va phép
to4dn bén ngoai nhém thod man 2 dic di€ém:

- C6 thé cong chung lai v6i nhau dé€ dugc mot vector cé cuing loai

- C6 thé€ nhan v6i mot dai lugng vo hudng dé c6 cung loai
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SU dung ma tran

o Biéu dién hé phuong trinh: c6 thé biéu dién mo6t hé phuong trinh bing cac ky hiéu ma tran
va vector nhu sau:

r
allxl + Cllz.xz + - + aln.xn — bl
Cho hé gém n phucng trinh va n 4ns¢ { %2111 tan,t - tayx, =b
| dn1X) Tt QX+ e Gy X, = b,
ar ) A1n b,
A V4 A ~ \ a21 a22 azn b
Tap hop cac hé so aj; thanh vector, tadugc: | | x;+ | | +--+ ]| | x, = 2
A1 (%) Ay b
| | m2 | “'mn | 3
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- Khi d6 ti€p tuc gom cac vector nay thanh vector ma moéi thanh phan 1a vector (1a ma

al 1 alz 000 aln xl bl

|G Gy - Gy | X2 b
tran) [ 7 . . Sl =]
Gy Gy e G| [ X b,

- Ky hiéu lai, ta c6 hé Ax = b v6i A ky hiéu ma trdn nhu dinh nghia, con
X = (.xl,.X2, 0o B ,Xn) Vé.b — (bl,bz, “ o ’bl’l)

e Luuy, do vector 7 thanh phan 1d ma tran 7 X 1, nén ta c6 thé vist x = [x; x, ... x ]’
thay cho cach viét G trén thé hién d6 14 vector véi n thanh phan. Khi do, co6 thé 1y gidi hé
ma tran trén theo dinh nghia nhin ma tran.
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Hé phuong trinh

o HE phudng trinh dong vai trd nhu mot phan trung tdm cta dai s6 tuyén tinh, nhi€u bai
toan thuc t€ cé thé bi€u dién nhu mot hé phuong trinh tuyén tinh.
o Vi du: Mot cong ty sdn xuit n sdn pham st dung m nguon tai nguyén by, b,, ..., b, . V6i

gid thi€t ring dé san xudt dugc mot don vi x; cia sdn pham N, j = 1,n thi cong ty can q;;

don vi tu tai nguyén b;, i = 1,m.

o Nhu vay, v6i tai nguyén b;, ta cé a;1x; + apx, + ...+ a;,x, = b,

o Bai toan dua vé tim cac X, J = I,n ti cdc phuong trinh (hé phuong trinh)

ax;+ a,x, +...+a,x,=b,Vi=1m
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- Nhu vay mot k€ hoach san xuat toi uu (x, x,, . .., x,) € R"” phai thod man hé phuong

allxl + a12x2 + .- + Cllnxn = bl
tr‘lnh 4 a21x1 + a22X2 + cee + azn.xn — b2
Xy QX e A X, = b,

- Trong do, a;, b; € R

o Phuong trinh trén goi la dang tong quat ciia hé phuong trinh tuyén tinh véi
X{, Xy, ..., X, 12 8n s6 ctia hé, con vector (x;, Xy, . . ., x,) € R" thod phuong trinh goi 1a
nghiém hay 16i gidi ctia hé phuong trinh dai s6 tuyén tinh.
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, Vidu: cho h€ phuong trinh {

Dung Python d€ gidi hé phucng trinh

X+ 8x—4x, =42
X+ 2x+12x, =38

A N {1 0 8 —4] |*2] _ |42
Pua vé dang ma trin va vector la [O | 9 12] _[ ]

Hé phuong trinh chi c6 nghiém duy nhat khi s6 phuong trinh bing s6 4n sd.

27
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(3x; + X, +4x,— 55, =—10

x1—2x2+3x3+x4 =—2
Vi du: Giai hé phuong trinh: <
. 2x1+4x2—X3+x4 :9
X1 + 2X3 + 3X4 =5
3 1 4 5] [x] [-10
_ X —
. Chuyén vé dang ma tran: é 42 _31 } xj = 92 sau do dung thu vién
1 0 2 3| [M] 5 |

Python d€ giai
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e Dung thu vién Numpy
import numpy as np

A = np.array(I[I[3, 1, 4, -5],
[11 _2; 3; 1]1
[21 4; _1r 1]1
[1, o0, 2, 3]])

b = np.array([-10, -2, 9, 5])
X = np.linalg.solve(A, b)

print("Nghiém cta hé phuong trinh:", x)
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Hinh hoc giai tich

Analytic Geometry
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re ° A ~
Khai niém chuan
o DPinh nghia chuan trong mét khong gian vector V: Chuin (Norm) 1a khai niém dé do do

dai caa mot vector, d6 1a ham

Il : V=R

x = ||x]]
e Saocho VA € Rva Vx,y € Vo cac tinh chat sau:
- lAx|l = [ A]llx]]
- e+l < il + 1yl

- |Ix||=0<=x=0

e ||x|]| € R con dugc goi do dai (chi€u dai) ctia vector x
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o Pinh nghia chuan Manhattan: Vx € R”,

n
chuin Manhattan cta x 1a ||x]|; := Z | x;|.

i=1

Chuin Manhattan con dugc goi 1a chuan /,

([, — norm)

¢ Chuin Euclid (Euclidean Norm):

1a chuan [, (I, — norm)

2 =4/x’x. Chuén Euclide con goi

32

e Ngoai ra con co:

_ Chuan lp:

L 1
luell, = (D 1w 1)
i=1

- Chuan/_;:
[l o = max ||
1<i<n

# Chuéan L2
v = np.array([1, 2, 3])
np.linalg.norm(v)

# Tong quat véi Lp
np.linalg.norm(v,p)

# Chuan vé clng
np.max( np.abs(v) )
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Giai tich vector

Vector Calculus

Dr. Tran Van Lang, A.Prof. in Computer Science
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V4 ’ ° A 2 \ A o N
Phép tinh vi phan cua ham mot bién
o Phép tinh vi phan ctia ham mot bié€n (Differentiation of

Univariate Functions) dugc tinh nhusau véihamf: R - R
dé bién doi gia trix € R qua ham (hay anhxa)f lay = f(x). 4

Y f(z)
e Pinh nghia ty s6 sai phan (Difference Quotient): Ty so
sai phan cia ham s6 y = f(x) la dai lugng
&y _ fle+ 8% — fw) fou-+ 62
&x 0X (o) o
ox
e Pinh nghia dao ham (Derivative): Cho 4 > 0, dao ham >

+ h) —
clia ham s6 y = f(x) 1a gi6i han — := lim J&x+h) = fx)
dx h—0 h
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e Vi du: Tinh dao ham ctia ham s6 f(x) = x",n € N.

n
5 .. n!
Theo khai trién nhi thiic Newton, (a + b)" = Z C'a""'b',v6i C' = » o
= il(n—1)!
n!
n — —
O 0!(n-0)!
df (x + h)n " Z?_() Clnxn—ihi — Z?—O Clnxn—ihi _ C(’}x”‘oho
— = ]im = lim —— = lim ——
X h—0 h h—0 h—0 h
Y Crxnip " . L .
— }ll_{% i=1 — ]111_{% Cinxn—zhz—l — C?xn—l + }ll_{% Cinxn—zhz—l

35
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N e df n! { {
Ma lim Z C'x""'h'~" = 0,nén = x" = nx"
. h—0 dx m-1)!

=2

e Pinh nghia Chudi Taylor (Taylor Series): Cho ham s6 fkha vi vé han, Chudi Taylor

n k) X

ctia ham s6 nay trong 1an cin di€ém xy1a 7,(x) := Z (%)
k=0

f (k)(x())

Trong dé f (k)(xo) 12 dao ham bic k clia ham f'tai diém x, va 14 hé so thi k cia da
thuc T, (x).
o Luuy: Chuoi Maclaurin 1a chubi 7 (x)
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« DPinh nghia quy tac tinh dao ham: Ky hiéu, f'1a dao ham cda ham so6 f. Ta cé:
- (f0). )" = f(0)g() +fx)g'(x)
- () +8(0) = f(x) + g'x)

< f) ) - T80 = fg )
"\ g (8(x))?

- (g(f0) = (g H'(x) = g(f))f (%)

- Trongdd, g o f: x = flx) 1= g(f(x))
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Phép tinh vi phan ham nhiéu bién

« Pinh nghia dao ham riéng (Partial Derivative): Cho hamf: R" - R,

Vxe R", x = (x,x,...,x,) 1= f(x),dao ham riéng cta f theo cic bi€n x;, i = 1,nla
of SO X, xRy ) — [ X, X)L

— = lim ,Vi=1,n

0x;  h—0 h

« Pinh nghia gradient: Gradient cia ham f : R" — R la vector
df [0f () 9f(x) 0f(x)

V.f=gradf=-2 = [L2 ) e mixe
of = gradf dx ox;  0x, dxn]
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o Vidu: f(x;,x,) = x12x2 + xlxg’ € R, tinh dao ham riéng va gradient cua f

e Ta co:
af(xy, x,)
i, % =2x1x2+x23
0x1
of(xy, x,)
e, % =x12+3x1x22
aX2

e Vagradientla

grad f = [2x1x2 + xg X7+ 3x1x22] e R
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o DPinh nghia dao ham ham hgp (Chain Rule): Chof: R" — R, v6i
x=x(1) = (00, ), ..., x%,(0)),

[ ox,(f) |
ot
ox,(f)
ot

Thi — =

dt ox;, Ot ox, Ot T ox, ot

ox; ox,  oOx,

df [af of 0f] = [af o o o of 0x,(0)

ox, (1)
ot

40 A.Prof. Tran Van Lang, PhD



o Pinh nghia dao ham ctia ham hgp khi x = x(s, ): Gradient cia ham f nhu sau:
i 0x; 0x; |
Os o
0x, 0x,
ds or

df  of ox _lifa_f af]
d(s,f) 0x d(s,t)

ox; 0x,  Ox,

ox, 0x,
| ds ot

e Gradient cuaa ham vector (Gradient of Vector-Values Function): Cho
FR"SR"n>1m>1vaf=fi,fp-...f,, ], V6if;: R" > R, Vi=1,m
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e Thi e Pinh nghia Jacobian: Tap hop tat cd cac dao ham bac
nhat ctia ham vector cia ham f: R" — R" goi 1a

dfix) |ofx) 9w of
dc | ox, T ox Jacobian J vé6i J; = —:
_ " _ ax]
of(x) of(x)
0x, dxn. - o ) o 00 _
- : ox;  ox,
heo %W | j=v f= dfx) _ [af ) I (X)] _ S
| ox T ox, | dx 0X1 6xn o, (x) o, (x)
| ox T ox, |

la mot ma tran m X n
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e Vidu: V€ gradient cia ham mat mat binh phucng t6i thi€u (Least-Squares Loss
Function) trong mo hinh tuyén tinh.

o Cho mo hinh tuyén tinh: y = ®w, trong dé6
- w € R¥1a vector tham s6 cia K dic trung (feature)
- ® € RMX 13 N gia tri ddu vao ctia mbi bo gdm K dic trung
-y € RY1a N quan sat (observation) tuong ting ctia N gia tri ddu vao.

o Vin dé dat rala xac dinh ham L(e(w)) = |le(w)||? = ||y — ®w||% sao cho ham nay c6
gia tri bé nhat. Ham nay goi 1a hAm mAat mat binh phuong tdi thi€u.
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e Taco:L(e) = ||e||* = e'e, e =y — Dw.

oL oe

_ Suyra— =2el,va—=—-®
de ow
oL oL o0
CNen— =2 207 = — 2(y — o) D = — 2(37 — W DT)D
ow  de ow

. DoyT e RIXN WT c [RIXK (I)T e RKXN.
- Nén —2(yT —wl®T) e RV

oL
, Va® € RMX Nen — e RIxK
1%%
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Tim cuc tri cia ham so

e MOt bai toan hau nhu xuyén suodt trong tin hoc dé 1a bai toan tim ki€ém véi mot rang
budc nao do.

o Ching han, tim nhiing bai viét vé mang lué6i than kinh nhan tao (ANN) c6 trén internet
sao cho doc dé hiéu nhAt.

o Nhu viy, mot vin dé dit ra 12 1am sao biéu dién dugc ham s6 L(x) d€ do mtic d6 hiéu,
cothélaL: D - R*

o TU d6 dua ra khai niém thé€ nao 1a "hi€u". Chang han, khi L(x) cang 16n thi viéc hiéu
cang dé.
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Khi do ta cé phat bi€u bai toan duéi dang ngon ngti cia Toan hoc:

- Cho D = {x € Internet/x bai vié€t v ANN}, va ham s6 y = L(x) c6 mién gia tri 1a s6
thuc dusng L.: D — R*1a do hi€uciax € D

_ Tim x* sao cho x* = arg max L(x)
xeD

x* chinh 1a bai vi€t vé ANN ma dé hi€u nhit trong s6 cac bai viét vé ANN trén internet.

Dé gidi quyét bai todn nay, mot vin dé€ dit ra 1a 1am sao tinh dugc dao ham L/(x) cua
ham s6 y = L(x) nay.

Tu d6 gidi phuong trinh L'(x) = 0 d€ tim x sao cho L(x) dat cuc dai.
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Nhu vy, viéc tinh dao ham ctia ham s6 dugc dit ra khong phai cho Todn hoc ma 1a Tin
hoc - linh vyc nghién cttu vé nhitng doi tuong trén tdp hitu han dém duogc.

V6i nhiing ham s6 dugc bi€u dién dang cong thiic tudng minh thé hién qua méi lién hé
gitia bi€n sd va hdng s6 mot cach 16 rang dang y = f(x) thi hau nhu déu c6 thé tinh dao
ham dugc (duong nhién véi rang budc 1a ham so6 khd vi - ¢6 kha nang tinh vi phan).

Sau khi tinh xong, ta thay gia tri s6 cu thé ctia x; nao do6 dé cé gia tri tuong Gng
y; = (x).

Trong thuc t€, méi qua hé gitia x va y khong bi€u dién dugc dudi dang cong thiic tudng

minh, ma dudi dang cac gié tri r8i rac gom cac cdp (x;,y;),i = 1,n
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Ngoai ra, v6i nhiing ham s6 khé d€ tinh dao ham, hay nhiing ham s6 cé nhiéu bién sg,
viéc tinh dao ham cting phtc tap.

Thém nita, nhd viéc khéo sat dao ham ta cé thé nhéin biét dang diéu cua ham so.

- T dao ham cap mot, chung ta nhan ra doan trén mién xac dinh ti do bi€t dugc su
tang gidm ctia ham s0. Qua d6 cho thay dudc su ton tai ciia cuc tri.

- PE biét r6 hon nita ham s6 chi c6 cuc tri duy nhit trong mot doan nao dé, thi ham so6
khong c6 diém udn (chi 16i hodc 16m). Nhu viy phai cin dé€n dao ham bac hai (la dao
ham cua dao ham bdc mot).

- Ngoai ra, tinh dong ctia ham s6 hay ctia tip hgp, thuc chit 1a tinh 16i cia ham s6 dé
sao cho ham s6 chi c6 mot gia tri dat cuc ti€u
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Gradient Descent

e Dao ham ctda ham s6 y = f(x) 1a su bién bién thién ctia ham s6 do6 theo x. Pao ham bang
khong tai mot diém cuc bd nao do thi ham dat cuc tri (6 ddy xét cho truong hop dat cuc
tieu

e Néu nhin thém & goc do Am duong, véi x* 1a diém 1am cho ham s6 dat cuc tiéu, f'(x) sé

chuyén tir &m sang ducng khi di qua di€ém x*.

- Noi cach khac cang di xa vé€ phia trai cia x* dao ham cang 4m, va xa vé phia phéai dao
ham cang duong.

e DPao ham chinh la d6 doc (gradient) cia ham s06, nén viéc gidm (descent) do doc cia ham
s6 dén bing khong, thi di€m do 1a cuc tri
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e Thuit toan trong trudng hgp nay la, cho mét gia tri ban dau x© 1an lugt tim cac gia tri tai

cac budc tinh tht t: x¥, t > 0 sao cho do déc ctia ham sé (chinh la dao ham) giam dén
khong.

o D& r6i rac hoa titng budc, goi gia tri mai 1a x+V va Ax 12 do chénh 1éch gitta gia tri méi nay
v6i gia tri tinh & budc trude do, thi xTV chinh 1a x 4+ Ax (nghia la x*D = x® 4+ Ax).

o Co6 2 trudng hgp xay ra v6i Ax
- Néuf(x?) < 0, thi x” nim bén trai ctia x*, nén dé x*V tién dan hon dén x* thi Ax > 0

- Ngudc lai, néu £(x\”) > 0 thi x¥ nim bén phai ctia x*, nén dé x“*Y tién dan dén x* thi
Ax <0

50 A.Prof. Tran Van Lang, PhD



o Ti 1ap luan trén, ta thdy: Thi nhat: Ax ngudc ddu véi f(x®)

o Ngoai ra, néu khoang cach gitta x* va x* cang xa thi | f(x®)| > 0 (i.e. d6 thi cang
déc), nén co thé suy ra: Thi hai: | Ax | ty 1é thuan vé6i | £(X?)|. Nhu vay, ta c6 thé bidu
dién Ax = — Af(x?), v6i A 1a mot hiing s6 ducng nhu 1a mot step-size (trong Machine

Learning goi 14 learning rate), nén x“*1 = x® 4+ Ax = x@ — 1 (x9)

 Phuong phap Gradient Descent: Cho x© e R”, va cuc tri dia phuong cua ham
f: R" = R nay la gia tri "V véi t kha 16n dugc tinh tir biéu thic Lip
0D = x0 — J(V_)(x?),Vt > 0, trong d6 A 14 hiing s6 duong.
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e Ciing c6 thé dung khai trién Taylor dén dao ham cdp mot trong 1an can diém x dé biéu
dién dao ham qua gia tri cia ham s6.

o Cho truée hing s6 A > 0 kha bé, thi (x? + 1) = AxD) + A &x®) + O(1?)
- Suyra Af(xY) = f(xP + 1) — f(x®)

« Phuong phap sai phan: Cho xY) € R" va ham y = f(x) cuc tri dia phuong 1 gia tri

x"*D v6i ¢ kha 16n thod man xD = xO — [AxP 4+ 1) — f(xP)], V¢ > 0, trong d6 A 1a
hang s6 duong kha bé cho trudc.
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Vidu

o Tim cyc tri ctia ham f(x) = x> — 2x + 1, v6i x € R bing phuong phap Gradient
Descent.

- Tacof(x) =2x—2
- Tu day véi x© e R ban diu va cho trudc mot hang s6 A kha bé, va mot sai so €

- Lan lugt tinh céc gia tri cia x'Y cho dén khi 2 gi4 tri tinh lién tiép nhau
|x*D — xO| < ¢,

y XD = xO _ £yt =0,1,2,...
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o Tim cuc tri clia ham s6 f(x, y) = x> + y,Vx,y € R

- bdtx; = x,x, =y, ham s6 dudc viét lai 1a f(x;, x,) = x12 + x22

4
w4
=l TLE

- Hay

f(xl, .X2) — [.xl e xZ, .xl ~+ .X2]
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Cswaw([]) =2 [

e Chox® = [xl(o), xz(o)], cuc tiéu 1a gia tri [xl(”l), x*D] v6i ¢ kha 16n dugce tinh theo cong
thuc lap

T
x{H+D B x® X L1
= — 24 ,t=0,1,...N
e x40 x| =11
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e Chof(x,y) = x>+ xy + 10y? — 5x — 3y, Vx, y € R. Hay tim cuc tiéu dia phuong ctia
ham nay véi (x, y(©) ban dau cho trudc.

- bidtx; = x,x, =y, ham f dugc vi€t lai nhu sau:
1
f(x), %) = 5 |(2x; + x)x; + (%] + 20x))x,| — (5x; + 3x,)
1 [2x; +x, X, + 20x,] s 31|
= — |&X X —
5 TR A 2| x, X,
1 X X
MECEIN
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=3 [X1 X2] [



r T
Dudi dang ma tran, viét lai f(x, x,) = l A 2. 1 (M _ 15 M
] ' | | 2 |%f [1 20] [®2] |3] |*

T T
X1 1 12 1 5
S Vv = —
swav(laf) =[] [l
e Chox® = [xl(o),xz(o)] =[-3, — 1], 1dp lai cac budc tinh sau v6i N kha 16n
T
AL 1 2 5]
XD B x4 X0 |1 20

3 ,t=0,1,....N,va 1 =0.085

+ A
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###H f(x) = x*2 - 2x + 1

Thuat giéi import numpy as np

from sympy import x

o Input: K+ — X(O),/I, e, V(x) ;amdz;msgis?lg:}, 0.00001

f = xkk2 — 2%xx + 1
. Output: x¥ = x(r+1) F = lambdify(x,f) # SymPy expressions into functions
) def GD():
e Begin xt, flag, iter = -15, True, ©
trajectory = [xt]
- Repeat while flag:
xtl = xt - lamdaxdiff(f,x).subs(x,xt)
} x(t) —_ x(t+1) iter = iter + 1
if abs(xtl - xt) < eps:
i flag = False
y 20D = xO _ v Ax®) else:
xt = xtl
trajectory.append(xt)
- Until ||x(f+1) _x(f)” <€, return xtl, iter, trajectory
xmin, iter, trajectory = GD()
* End. print("Cuc tri: %.6f véi %d ldn 13p" % (xmin,iter))
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import numpy as np
import matplotlib.pyplot as plt

X = np.linspace(-15, 5, 100)
y = F(x)
plt.plot(x, y, label=r'$y=x"2 - 2x + 1%"')

plt.scatter(trajectory, [F(xt) for xt in
trajectory],color="'red', label="'Gradient Descent')

plt.xlabel('x") 1D Gradient Descent
plt.ylabel( IyI ) 250 - S y=xé_2x+1
plt.title('1D Gradient Descent') e Gradient Descent
plt.legend() ol

plt.grid(True)

plt.show() 150 -

100 +

=150 =125 =10.0 <1.5' =50 =25 0.0 2.5 5.0
X
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### f(x,y) = x*2 + y*2

import numpy as np
from sympy import x

y = symbols( 'x y' )

*%2 + Yy*kk2

« trajectory = GD2D()
lambdify((x, y),f)

Xy
f
F

x_vals = np.linspace(-10, 10, 100)
y_vals = np.linspace(-10, 10, 100)

lamda, n_iters = 0.1, 20 X, Y = np.meshgrid(x_vals, y_vals)

X0, yo = -10, 5

def GD2D(): Z = F(X, Y)
X = X0
Y = y0

trajectory = [(X,Y)]

for _ in range(n_iters):
dfx, dfy = diff(f,x).subs({x:X,y:Y}),diff(f,y).subs({x:X,y:Y})
X = X - lamda * dfx
Y =Y - lamda * dfy
trajectory.append((X,Y))
return trajectory
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from matplotlib.lines import Line2D
import matplotlib.pyplot as plt

fig = plt.figure( figsize=(10,8))
ax = plt.axes(projection ='3d")

surf = ax.plot_surface(X,Y,Z,alpha=0.75)
surf_proxy = Line2D([@],[@0],color="'blue')

scat = ax.scatter([x[0] for x in trajectoryl, [x[1] for x in trajectoryl,
[F(x[0],x[1]) for x in trajectoryl],color='r")

ax. legend( [surf_proxy,scat], ['$z = x*2+y"2$', 'Gradient Descent'])
fig.colorbar(surf, shrink=0.5, aspect=10)

ax.set_xlabel('x axis')
ax.set_ylabel('y axis"')
ax.set_zlabel('z=f(x, y)"')
ax.set_title('2D Gradient Descent')

plt.grid(True)
plt.show()
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2D Gradient Descent
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2D Gradient Descent

— y=x?+ XXz + 10x2 = 5x; = 3X2
e Gradient Descent

##H# f(x,y) = x*2 + xy+ 10y*2 -5x - 3y

import numpy as np
from sympy import *

x1, x2 = symbols( 'x1 x2' )
T X1xk2 + 10%x2%*k2 + x1%kx2 — 5%xx1 — 3%x2
F = lambdify((x1,x2),f)

lamda, n_iters = 0.085, 20
x10, x20 = -10, 5

def GD2D_():
X1 = x10
X2 = x20

trajectory = [(X1,X2)]
for _ in range(n_iters):
dfx1, dfx2 = diff(f,x1).subs({x1:X1,x2:X2}),diff(f,x2).subs({x1:X1,x2:X2})
X1 = X1 - lamda * dfxl1
X2 = X2 - lamda * dfx2
trajectory.append((X1,X2))
return trajectory

63 A.Prof. Tran Van Lang, PhD



Giai hé phuong trinh

e C6 thé st dung phuong phap Gradient Descent dé gidi hé phucng trinh

e Cho hé phuong trinh tuyén tinh Ax = b, can tim x € R" thod hé nay.

o Heé phuong trinh trén co6 thé dua vé phuong trinh tuong ducnglaAx — b =0

o Chinh vi vay, viéc gidi hé phuong trinh thuc chat 1a tim x* lam cho sai s6 binh phucng
(squared error) dat cuc tiéu.

o Diéu do c6 nghia 14 tim cuc tidu cta f(x) = ||Ax — b||> = (Ax — b) (Ax — b)
o Ta co gradient cua f tuong ung véi bien x 1a (V, f)(x) = 2(Ax — b)' A. Khi d6 x* 1a gia

tri cda lan tinh tha £ + 1: xUD = xO — A(V_x?)), t = 0,1,2,... v6i x9 cho trude.
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Van dé chinh cua hoc may

The Pillars of Machine Learning:

Dr. Tran Van Lang, A.Prof. in Computer Science
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Gi6i thiéu

o C6 4 van dé mang tinh tru cot (pillar) ctia hoc may:

Hoi quy (Regression)

Rut gon chiéu (Dimensionality Reduction)

U6c lugng mat do (Density Estimation)

Phan nhom: phan 16p (Classification), gom cum (Clustering)

e C6 3van dé quan tdm chinh ctia hoc may, d6 1a dit liéu (data), mo hinh (model), va hoc
(learning).
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Data

e Don gidn d€ cho may tinh c6 thé thuc hién dugc thi Data nhu 1a Vector véi cac thanh

phan 1a con so.

o Ching han, v6i bang di liéu nhu sau:

Tén Gid'i tinh Hoc vi Plus Code Tudi Luong
Pinh Tién Hung Nam Tién si 84W6+H2R 38 25000000
Lé Pai Hung Nam Thac si 849V+22W 28 18000000
Ly Thai Hanh N Thac si 938R-+P5 36 20000000
Tran Hung Quéc Nam Tién si PMCW+HG 65 30000000
Nguyén Gia Hoa NG Tién si FPQW+GQ 42 25000000
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e Quy udc: Gidi tinh Nam 1a 0, Nt 1a 1; Hoc vi tif cao xuong thap véi Tién si; va Plus Code

c6 thé gobm 2 thanh phan 1a kinh tuyén va vi tuyén.

e Tu do6 co bang

Tén Gidi tinh | Hoc vi Vi do Kinh do Tuoi Luwong
Dinh Tién Hung 0 6 21.01 105.84 38 25000000
Lé Pai Hung 0 5 23.15 160.36 28 18000000
Ly Thai Hanh 1 5 51.81 5.82 36 20000000
Tran Hung Quéc 0 6 10.72 106.69 65 30000000
Nguyén Gia Hoa 1 6 53.49 -2.53 42 25000000

68

A.Prof. Tran Van Lang, PhD



o Trong vi du trén, c6t Tén mang tinh dinh danh, khong cé gia tri khi huan luyén nén cé

thé chon bo Data gom N = 5 dong va K = 6 cOt nhu sau:

) Gii tinh Hoc vi Vi db Kinh d6 Tudi Luwong
0 6 21.01 105.84 38 25000000
0 5 23.15 160.36 28 18000000
1 5 51.81 5.82 36 20000000
0 6 10.72 106.69 65 30000000
1 6 53.49 -2.53 42 25000000
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Mot cach tong quat, goi s6 mau (example) 1a N. Khi d6 trong bo dit liéu (Dataset) 1a mot
mang bao gom mang gom N vector x,, n = 1,...,N. M6i vector nay dugc goi 1a mot data
point trong Hoc may (ML - Machine Learning).

MObi cot trong bd di liéu nay dugc goi 1a mot dic trung (feature) cia data point. Khi d6 mot
vector c6 s6 thanh phan 1a K tuong ting v6i K dic trung.

Ching han, v6i bang dit liéu nhu trén, coi nhan (label) 12 luong thang, ky hiéu 1a

y,,n = 1,....N va ta mudn tao ra mot Dataset d€ hoc c6 gidm sat (Supervised Learning) tl cac
dic trung 14 Gidi tinh, Hoc vi, Tudi d€ nhin biét Luong; khi d6 s6 mau la N = 5 va s6 dic
trung K = 3.

Bo dit lieu 1a (X, y) € RVK x R, trong d6 X 1a ma tran N dong va K cot, y 1a vector N phan
tu.
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Models

e C0 thé coi Model nhu 12 mot Ham (Function).

- Goi x 1a mot vector c6 cac thanh phan la cac ddc trung (feature), hiy tim mot ham f

dé 1am sao biét dudc nhan (label) cia cac dic trung nay dang f: R 5 R

- Ham f dudc goi 1a ham du doan (predictive function), trong Hoc may ham nay dudgc
biét nhu 14 yéu t6 du doan (predictor) c6 thé biéu dién dang f(x) = w!x + w, v6i
cicansdlaw = (W, Wy, ..., W) VA W,.

o Ngoai ra, thay vi coi mot predictor 1a mot ham duy nhat, chung ta co thé coi cic yéu to

du doan 1a cac mo hinh xAic suat, tic 1a cAic mo hinh mo td phan phoi cia cac ham cé
thé c6 (model as probability distributions).
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Learning

o Thuc chat cta viéc hoc (learning) 1a tim mét mé hinh va cac tham s6 (parameter) tucng
tng sao cho predictor k€t qua sé hoat dong t6t trén di liéu chua cé (unseen data).

e Trong viéc hoc nay, c6 ba cong viéc can phdi quan tam

- Du doan (khi model 14 function) hoac suy luan (khi c6 moé hinh 1a cdc phan phoi xac
suat)

- Huan luyén hodc uéc lugng tham so

- Diéu chinh siéu tham s6 (hyperparameter) hoic lua chon mo hinh
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D0 do trong bai toan phan 16p

Metrics in Classification Problem

Dr. Tran Van Lang, A.Prof. in Computer Science



Minh hoa

e Can phan I6p vé€ ung thu vu 1a lanh tinh hay 4c tinh.
e Su dung dit liéu tai https://www.kaggle.com/datasets/sahilnbajaj/cancer-classification

e B0 dif liéu gobm 30 thudc tinh, va nhan gom 2 16p: 4c tinh (1 - malignant) va lanh tinh (0
- benign) Iuu & cot cudi cung cua tap tin cancer_classification.csv

o St dung Python d€ gidi quyét bai toan du doan véi cac budc:
- Load dit liéu vao bién trong bd nhé

- Chia dii liéu thanh tap huin luyén (sif dung d€ huin luyén mo hinh) va tap ki€ém tra
(st dung d€ danh gia hiéu sudt mo hinh)

- Tao mo hinh bing cach st dung mot thuat toan phéin 16p nao dé huin luyén
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Biang Python véi cac thu vién can thiét

### Chuan bi dir liéu

import polars as pl

file = '/Users/lang/Documents/Works/Training/Mathematics for Machine Learning/cancer_classification.csv
df = pl.read_csv( file)

import numpy as np
X = np.array(df.drop('benign_0__mal_1"))
y = np.array(df.select('benign_0__mal_1')).ravel()

### Cac buwd’c tao mo hinh du” doan
from sklearn.model_selection import train_test_split
X_train, X_test, y_train, y_test = train_test_split(X, y, test_size=0.2, random_state=42)

from sklearn.neighbors import KNeighborsClassifier
model = KNeighborsClassifier(n_neighbors=>5).fit(X_train, y_train)

### SIr dung dé du doan
y_pred = model.predict(X_test)
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Khai niém Positive va Negative

o Trong viéc phan 16p can xac dinh truéc vé mat y nghia thuc t€ dau 1a 16p Positive (duong
tinh) va dau 1a Negative (am tinh).

- Gia tri cua Positive phu thudc vao cach ma dinh nghia 16p trong bai toan phan loai:
16p Positive 1a 16p quan tdm hodc mudn du doan chinh x4c hdn, con Negative 1a 16p
con lai.

e Ching han, chidn dodn bénh thi Positive 13 16p bi bénh, con Negative 1a 16p khong bi
bénh; nhung khi khdm bénh d€ tuyén ngudi lam viéc thi Positive 1a 16p khong bi bénh,
con Negative 1a 16p bi bénh.
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Tu do6 c6 cac khai niém:

True Positive (TP): Mau thuoc 16p Positive dugc du doan chinh xac 14 Positive

False Positive (FP): Mau thudc 16p Negative dudc du doan thanh Positive (dy doan
sai hay nham la Positive)

True Negative (TN): Mau thuoc 16p Negative dugc du doan chinh xac 1a Negative

False Negative (FN): Miu thudc 16p Positive nhung du doan thanh Negative (du
doan sai hay nham la Negative)
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o Gid st c6 12 mau xét nghiém
CoViD-19, trong d6 c6 8 mau khong bi
nhiém (Negative), con 4 mau bi nhiém
(Positive)

True label

Khéng bi nhiém CoViD-19

+ Nhuing két qud dy dodn (predict) ciia e, i
mot md hinh hoc may 1a trong so 8
mau Negative chi du bao dﬁng 6 mﬁu, from sklearn.metrics import *

va trong s6 4 mau Positive du doan y true = [1, 1, 1, 1, 1, 1, 1, 1, 0, 0, @, 0]
dung 3 mau y_pred = [0, 0, 1, 1, 1, 1, 1, 1, 1, @, 0, 0]

_ . . cm = confusion_matrix(y_true, y_pred)
e Ma trin phﬁn loai (Confusion Matrix) ConfusionMatrixDisplay( confusion_matrix=cm,display_

CR qe X L X > n labels=["Bi nhiém CoViD-19","Khéng bi nhiém
bi€u dién bang hinh anh bén canh. CoviD-19"1).plot()
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Hodc vd6i dif liéu ung thd va nhu phan trén.
Bo dit liéu c6 569 dit liéu (data point), danh 20% cho thi nghiém (test data): 114 dit liéu

Trong bd dit liéu nay, gid st viéc tao train data va test data luén luon giong nhau & cac
lan thyc thi chudng trinh khic nhau.

Khi d6, trong s6 114 di liéu dung dé thi nghiém nay co6 71 trudng hgp 4c tinh (gia tri 1)
va 43 trudng hgp lanh tinh (gia tri 0)

from sklearn.metrics import *

cm = confusion_matrix(y_test, y_pred) ]
ConfusionMatrixDisplay( confusion_matrix=cm,display_labels=["Lanh tinh","Ac tinh"] ).plot()
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True label

Lanh tinh

Ac tinh

Lanh tinh

Predicted label

80

Ac tinh

- 70

- 60
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Recall hay Sensitivity (P60 nhay)

Con goi la ty so6 thu hoi, hay ty s6 TP (True Position Rate - TPR)

Nham x4c dinh trong tat cd cac trudng hgp thuc té (True case) la Positive, thi cé bao

nhiéu du doan Positive 1 dung.

DPay 1a mot do do quan trong khi ching ta mudén ddm bao khong bé sot cdc mau cia 16p

thi€u s6, nén con dugc goi 1a ty 1& phat hién.

TP
P+ FN

Cong thuc tinh: Recall =

Y nghia: ty s6 phan trim mau thudc 16p Positive dugc du doan chinh xéc.
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Accuracy

e La d0 chinh x4c tong thé

e Nhim x4c dinh trong tong s6 cin du do4an (ca Positive va Negative), thi c6 bao nhiéu
phan la du doan dang (1a TP + TN).

IP+ TN
. Cong thuc tinh: Accuracy =
IP+ FN+ 1N+ FP

e Ngoai ra con c6 Balanced Accuracy (BA) - @6 chinh xac cin bang 1a m6t chi s6 dugc
st dung dé danh gia hiéu sudt ciia mo6 hinh phan 16p trong truéng hgp di liéu co sy méit
can bang gitta cac 16p.

e BA la trung binh cOng cua sensitivity va specificity.
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e Y nghia: Ty s6 phan trim do do phu hgp khi dit liéu mat cAn bing va mot dé do chinh
X4c tong quat hon so véi accuracy truyén thong vi phoi hgp cé ty sé Positive that - TPR
(hay do nhay sensitivity) va ty so Negative that - TNR (hay d6 dic hiéu specificity).

TP TN
+

, Cong thuc tinh: BA = TP+ FN - TN + FP

e Trong Python c6 phuodng thuc sklearn.metrics.balanced_accuracy_score()
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Precision hay Positive Predictive Value

Con goi la do chinh xac, hay tri s tién lugng (PPV - Positive Predictive Value)

Nham xac dinh trong tat ci cac du doan vé Positive (ca true va false), thi c bao nhiéu
phan du doan Positive 1a dung.

Pay la mot do do quan trong khi ching ta quan tdm dén viéc tranh du doan sai cho 16p
thiéu so.

TP
TP + FP

Cong thuc tinh: Precision =

Y nghia: Ty s6 phan trim mau dugc du doan 14 Positive thuc su thudc 16p Positive
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F1-Score

e VGi 2 d6 do Precision va Recall dugc dung dé€ khic phuc han ché ctia d6 do Accuracy do
1a chi tap trung cho viéc danh gia mo hinh qua viéc phan loai theo 16p Positive.

e C4 hai c6 tl s6 giong nhau, chi khac vé mau s6.

- Precision quan tAm dén viéc du doan vé Positive (cd du doan dung Positive va ca du
doan sai Positive).

- Trong khi d6 Recall quan tam dé€n nhiing gi 1a dung vdéi thuc t€ 1a Positive (ca du
doan dung Positive va ca du doan sai Negative - nghia la dung Positive).

o TU d6, cod F1-Score la trung binh diéu hoa (harmonic mean) ctia Precision va Recall,
nhdam quan tAm nhiéu dé€n do do co gia tri nhd.
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Precision X Recall

, Cong thuc tinh: F; — Score =2 —
Precision + Recall

e Y nghia: La ty s6 phan trim, gitip cAn bing gitta Precision va Recall
o Luu y: Trung binh di€u hoa l1a nghich ddo cia trung binh cong ctia nghich ddo cac gia tri.
- Trung binh di€u hoa cta n gia tri from sklearn.metrics import *

X1, X, . . ., X, dugdc tinh la y_true=[1,1,1,1,1,1,1,1,0,0,0, 0]

Zn 1 y_pred=1[0,0,1,1,1,1,1,1,1,0, 0, O]
=1 x;
print( recall_score(y_true,y_pred) )
2 print( precision_score(y_true,y_pred))
Nén F| — Score = 1 1 print( f1_score(y_true,y_pred))
Precision + Recall print( accuracy_score(y_true,y_pred))
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from sklearn.metrics import *

print( "Recall: %4.2f" %recall_score(y_test,y_pred))

print( "Precision: %4.2f" %precision_score(y_test,y_pred) )

print( "F1: %4.2f" %f1_score(y_test,y_pred))

print( "Accuracy: %4.2f" %accuracy_score(y_test,y_pred) )

print( "Balanced Accuracy: %4.2f" %balanced_accuracy_score(y_test,y_pred))

Lanh tinh

Ac tinh

Lanh tinh Ac tinh
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Trung binh diéu hoa
e Trung binh cOng va trung binh diéu hoa la hai phép toan thong ké thudng dugc st dung
dé tinh toan gia tri trung tim ctiia mot tip di liéu.

e Tuy nhién, trong mot s6 trudng hop, trung binh diéu hoa co6 thé 1a Iya chon phu hgp
hon so v6i trung binh cong. DuéGi day 1a mot so6 1y do:

e Khi dii liéu c6 nhiéu gia tri cuc doan:

- Trung binh cdng rat nhay cdm véi cac gia tri cuc doan (outlier) trong di liéu. Néu co
mot hodc nhiéu gia tri rat cao hodc rat thap trong tap dit liéu, trung binh cong sé bi
dnh hudng dang ké, dan dén két qua khong chinh xac hoic sai 1éch.

- Mait kh4c, trung binh diéu hoa it bi anh hudng béi céac gia tri cuc doan hon. Do st
dung phép nghich ddo clia moi gia tri trong tip di liéu trudc khi tinh toan trung
binh, gitp gidm thi€u tic dong ctia cac gia tri cao hoic thép.
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e Ching han, tip dii liéu gbm cac s6: 2, 4, 4, 4, 100.
- Trung binh cong: (2 +4+4+4+100)/5 =22
- Trung binh diéu hoa: 5/ (1/2+ 1/4 + 1/4 + 1/4 + 1/100) = 4

o Nhu ta thdy, trung binh di€u hoa 1 4, gan véi gia tri trung tAm thyc t€ cta tip dit liéu
hadn (4) so v6i trung binh cdng (1a 22) bi anh hudng bdi gia tri cuc doan 100.

e Khi ta muon tinh trung binh ctia cac dai lugng co ty 1é:

- Trung binh diéu hoa thudng dugc st dung dé tinh trung binh cua céc dai lugng co ty
1€,

- Nhu toc do, ty 1€, ty 1€ phan tram.
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e Viduy, khi tinh trung binh toc do cia hai xe di v6i toc do 40 km/h va 60 km/h, ta nén st
dung trung binh diéu hoa thay vi trung binh cong:

- Trung binh cdng: (40 + 60) / 2 = 50 km/h
- Trung binh diéu hoa: 2 / (1/40 + 1/60) = 48 km/h

e Trung binh diéu hoa (48 km/h) gan v6i toc do trung binh thuc t€ cia hai xe hon so véi
trung binh cdng (50 km/h).

e Khi ta muoén tinh trung binh ctia cac dai lugng c6 don vi do khac nhau:

- Trung binh cong khéng thé dugc st dung d€ tinh trung binh ctia cac dai lugng c6 don
vi do khac nhau. Trung binh diéu hoa c6 thé dugc st dung bing cach chuyén doi cac
dai lugng sang cung don vi trudc khi tinh trung binh.
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o Gid st ta cé tap dit liéu gom gia tién cta ba chiéc xe: 10 triéu dong, 500 USD, va 800
EUR.

- Ta co thé chuyén dai tit ca cac gia tri sang don vi triéu dong trude khi tinh trung binh
dieu hoa:

» 1 USD = 23.000 VND
» 1 EUR =26.000 VND

- Gi4 tién trung binh ctia ba chiéc xe: 3 / (1/10 + 1/(500 * 23.000) + 1/(800 * 26.000)) =
12.4 triéu dong

91 A.Prof. Tran Van Lang, PhD



e Luuy thém: Con co6 trung binh nhén,

- Thudng dudc st dung khi c4c gia tri can tinh trung binh 1a ty 1¢ phan tram

_ Ching han trung binh nhén ctia n dai lugng x;, x,, .. ., x,, 12 \’Vxl XXy X ... XX,
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Po do trong bai toan hoi quy

Metrics in Regression Problem

Dr. Tran Van Lang, A.Prof. in Computer Science



Bai toan hoi quy
o Cho mot day céc cdp rieng biét (X, y), (X5, ¥,), - . ., (Xy» Y) goi 1la bd dit liéu huan

luyén (training dataset) gom c6 N quan sat (data point),

- Trong &6 méi quan sat chiia K thanh phan X; = (x{,X,, ..., Xx) € RX goila K dic
trung (feature) cua bo dit liéu

- Concacy, Vi = 1N goi la cac bi€én phu thudc, doi khi d6 1a nhan (label) hay gia tri
thuc (truth value), d6 chi la da liéu thuc té.

o Van dé ditrala tim ham f'sao cho f(X;) xap xi tot nhat y,, Vi = 1, V.
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e C6 nhiéu cich d€ danh gid mo hinh
Trong hoc may (Machine Learning), gia tri f(X;)  hoi quy, tuy thudc vao muc dich

dugc ky hiéu 12 §; = f(X,) dugc goi 1a gia tri du nghién cttu va loai mé hinh hoéi quy

doan hay gi4 tri mong dgi (outcome), dé dung chi s6 danh gia tucng Ung.

- Néu muc dich nghién ctu la du
doan gia tri, dung cac do do vé sai
sO

Con ham f dudc goi 1a mo6 hinh huan luyén
(training model)

Gi4 tri mong dgi nay phai xap xi tot nhat cac gia

, i - Con néu muc dich nghién cttu 1a
thuc c6 trong b6 di liéu.

kiém dinh gia thuyét, tinh chit cta

Chinh vi vay, cin c6 cac cc thuée do dé danh mo hinh, dung Cé’C chi s0 kiém
gi4 mo hinh huén luyén nay. dinh lién quan dén da liéu, ty 1€ du

doan dung.
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Mean Absolute Error

e Mean Absolute Error - MAE (Sai sO tuyét doi trung
binh) dugc dung d€ do ludng sai s6 trung binh ctia
mo hinh so véi di liéu thuc té.

| &
Cong thac tinh: MAE = — ) |V, — ;|

- 2 19—,

i=1

o Uu diém: MAE tinh trung binh cOng gi4 tri tuyét déi
ctia sai s gitta gia tri du dodn va gia tri thuc té. Do
do, né co thé dugc hiéu mot cach dé dang va truc
quan bdi ngudi dung khong chuyén vé ki thuat.

96

e Han ché: Do MAE khong binh

phuong cic phan du, nén khong
nhay véi cac di€m di liéu ngoai lai.
Diéu nay cé thé dan dén viéc mo
hinh khong danh gia chinh xac cac
diém d@ liéu hiém giip hodc ngoai
lai. Hon nita, mot mo hinh cé thé cé
nhiéu sai s6 nho va moét sai so 16n,
nhung MAE chi tinh trung binh gia
tri tuyét doi ctia chung. Bi€u nay c6
thé€ lam mat di thong tin quan trong
ve su bién dong clia sai so.
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- Thu st dung cac k¥ thuat tién xt 1y di

trong truong hop nay c6 thé do mot trong nhiéu, xt 1y gia tri ngoai lai, ho#c

nhting nguyén nhén sau:
i - Hodc thtf cac md hinh hoi quy khac
- Dt li€u co nhicu nhiéu nhau dé tim mo hinh phu hgp nhat véi

- MO0 hinh hoéi quy khdong phu hgp véi di dut liu, hodc
liu - C6 thé diéu chinh cac tham s6 ctia mo

- Ditliéu c6 nhiéu gié tri ngoai lai. hinh hoi quy dé t6i uu hoa hiéu suat
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Mean Square Error

Mean Square Error - MSE (Sai s6 binh phuong trung binh) 1a mot chi s6 thong ké do
muc d6 chénh léch gitia gia tri du doan va gia tri thuc t€ trong mot mo hinh théng ké.

| &

Cong thic tinh: MSE = — Y (3. — y,)?
g > Z 9 — ¥,
i=1

Uu di€ém: D€ dang tinh toan va hiéu, co y nghia thong ké ro rang; qua do do ludng sai s6
binh phucdng trung binh gitta gia tri du doan va gia tri thuc t€. Di€u nay giup nam bit
dugc muc dd chinh xac ciia md hinh. Pic biét nhay cam vdéi sai s6 16n (MSE tang 1én
nhanh chéng néu co6 sai s0 16n, gitp chung ta phat hién cidc dy doan khong chinh xac).

Han ché: MSE bi &nh huéng bdéi cac gia tri ngoai 1€ (outliers), di€u dé cho thiy néu co
nhiéu ngoai 1€. Dic biét MSE c6 thé khong phan dnh chinh x4c hiéu suit cia mo hinh.
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Root Mean Square Error

Root Mean Square Error - RMSE do ludng sai so trung binh ciia mé hinh so véi di liéu
thuc t€. Gia tri RMSE cang nhé thi mo hinh cang tot.

Cong thuc tinh: RMSE = 1 i 3. — y.)?
N — l l

o Uu diém: Dé hiéu, c6 don vi gidng véi don vi ctia bién tinh todn sai s6 1am cho viéc so
sanh gitta cAc mo hinh dé dang hon.

e Han ché: Nhay cdm véi ngoai 1€ thudng bi anh hudng bdi cac gia tri ngoai 1é. Néu cé
nhiéu ngoai 1¢, RMSE c6 thé khong phén 4nh chinh x4c hiéu suit cia mo6 hinh. RMSE
khong thé phat hién dugc sai s6 16n hon, vi n6 da dugc chuin héa bing cin bic hai.
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R-square

R-square (R2) 1a chi s6 do ludng muc dd phu hgp gitia gia tri du doan va gia tri thuc. Gia
tri cia R-square dao dong tuir co dén 1, trong do gia tri cang gan 1 thi mo hinh cang tot.

MSE(gia tri du doan, gia tri thuc)
MSE(gia tri trung binh, gia tri thuc)

, Cong thuc tinh: R*’=1-

N A
o D N - 0
Z,-zl (y _yl)

Gi4 tri am ctia R2 chiing td mo hinh hoéi quy con té hon so véi mo hinh héi quy don gian
(1a mo6 hinh 14y gia tri trung binh lam gia tri du doan)
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o Uu diém: DPon gidn va dé hi€u, thé hién ty
1é phan tram bién thién cua gia tri du
doan dugc gidi thich bdi cac bi€n doc lap
trong mo hinh héi quy.

- C6 gia tri thong tin, cho biét mé hinh c6
thé gidi thich dudc bao nhiéu phan
tram su bién thién cta di liéu.

- R-Square cé thé dudc st dung dé so
sdnh cdc mo6 hinh héi quy khac nhau,
gitip lua chon mo hinh pht hgp nhat dé
giai thich dit liéu.
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e Han ché: D€ bi &nh hudng bdi s6 lugng bién

vi R-Square c6 xu huéng ting khi s6 lugng
bién doc 1ap trong mo hinh ting, bat ké y
nghia théng ké cda cac bién.

- Khong phan dnh do chinh x4c cua du
doan vi R-Square chi do lu6ng muc d6 phu
hgp cua mo6 hinh véi dit liéu hién c6,
khong cho biét mé hinh c6 thé du doan
chinh xac dit liéu mdi hay khong.

- Bi anh hudng bdi gia tri ngoai lai vi gia tri
ngoai lai cé thé 1am ting hoic gidm R-
Square mot cach dang ké, anh hudng dén
do tin cay cuda chi so0 nay.
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9 o A
Thu nghiém
o V0Gi dataset tu https://www.kaggle.com/datasets/camnugent/california-housing-prices
vé gia nha & California

o D liéu chua thong tin tif cudc di€u tra dan s6 California ndm 1990. C6 thé khong giup
ban du dodn gid nha.

e Co cac thanh phan (cac dac trung):
- longitude: Gia tri cao hdn 1a xa hdn vé phia Tay
- latitude: Gia tri cao hon l1a xa hon vé phia Bic

- housing_median_age: con s6 thap hon 1a mét tdoa nha maéi hon
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total_rooms: v€ sO phong

total_bedrooms: vé s6 phong ngu

population: total_bedrooms: v€ ngudi cu tru

households: v€ s6 ho gia dinh - mdt nhém ngudi cu tru trong mot don vi gia dinh

median_income: thu nhap trung binh cho cac ho gia dinh (duoc do bang chuc nghin
do la My)

median_house_value: Gia tri trung binh cho cac ho gia dinh trong nha (duoc do
bdng doé la My)

ocean_proximity: Vi tri cia ngdi nha
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Biang Python véi cac thu vién can thiét

### Chuan bi dir liéu

import polars as pl

file = '/Users/lang/Documents/Works/Training/Mathematics for Machine Learning/housing.csv'
df = pl.read_csv( file)

# B6é nhirng dong thiéu dir liéu
df = df.drop_nulls()

import numpy as np
X = np.array(df.drop(‘median_house_value','ocean_proximity'))
y = np.array(df.select('median_house_value')).ravel()

### Cac bué'c tao mé hinh hdi quy
from sklearn.linear_model import LinearRegression
model = LinearRegression().fit(X_train, y_train)

### SIr dung dé du doan
y_pred = model.predict(X_test)
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Thi mdt s6 dd do d€ danh gia mo6 hinh

print( "Mean Squared Error: %4.2f" %mean_squared_error(y_test, y_pred) )
print( "Mean Absolute Error: %4.2f" % mean_absolute_error(y_test, y_pred))
("

(

print( "Root Mean Squared Error: %4.2f" %root_mean_squared_error(y_test, y_pred) )
print( "R2-Square: %4.2f" %r2_score(y_test, y_pred) )

Mean Squared Error: 4921881237.63
Mean Absolute Error: 51372.67
Root Mean Squared Error: 70156.12
R2-Square: 0.64
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D0 do trong bai toan gom cum

Metrics in Clustering Problem

Dr. Tran Van Lang, A.Prof. in Computer Science



o Viéc danh gia chit lugng mo hinh gom cum 1a mot budc quan trong dé€ ddm bao hiéu
qud va tinh httu dung ciia né. C6 nhi€éu phuong phap khac nhau dé thuc hién danh gia
nay, cic phuong phap c6 thé dugc chia thanh hai nhom chinh nhu sau, hai nhém nay
phén biét qua thong tin st dung d€ danh gia va muc tiéu danh gia:

- Danh gid noi tai hay noi sinh (Internal Metrics): Pic di€m chinh 1a
» DPudgc st dung khi khong c6 nhan dung (ground truth).
» DPanh gia chat lugng ctia cac cum dua trén cau tric ndi tai cia di liéu.

» Tap trung vao cic dic di€m bén trong ctia mo6 hinh gom cum nhu do chit ché va do
tach biét cua cac cum.
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- Danh gid ngoai sinh (External Metrics): dic di€ém chinh 1a:
» DPudgc st dung khi c6é nhan dang (ground truth).
» Danh gia chat lugng ctia cac cum dua trén su so sdnh véi phan cum that.
» Tap trung vao muc do tucng dong gitta phan cum dy doan va phan cum that.

o Internal Metrics rit hitu ich khi khong c6 nhan dang va can ddnh gia mé hinh dya
trén ciu trac di liéu noi tai. Qua do giup hiéu ré hon vé cach cac cum dugc hinh thanh
va muc do tach biét gitta chung.

o External Metrics can thi€t khi c6 nhan ding va muon so sanh truc ti€p phan cum du
doan véi phan cum that. Cung cip cai nhin vé muc do chinh xac cia mo6 hinh so véi
thuc té.
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e Bang so sanh sy khic nhau

Tiéu chi Internal Metrics External Metrics

Thong tin sd | Chi dua trén dif liéu va phan cum hién

dung tai St dung ca nhan dung (ground truth)

Muc tiéu danh

gid banh gia do chit ché va do tich biét | Panh gid mac do tuong dong véi phan cum that

Ung dung

chinh Khi khéng c6 nhan dung Khi c6 nhan ding

Vidu cac chi | Silhouette Score, Davies-Bouldin Index,| Adjusted Rand Index, Mutual Information,
SO Dunn Index Homogeneity, Completeness, V-Measure
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e Internal Metrics, co cac d¢ do thong dung:
- Silhouette Index / sil.a'wet/
- Davies-Bouldin Index
- Calinski-Harabasz Index
o Con External Metrics co:
- Adjusted Rand Index
- Adjusted Mutual Information

- Homogeneity, Completeness, V-measure
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Silhouette Score

o Silhouette Score 14 chi s6 d€ danh gia noi sinh, d€ danh gia muic d6 tuong dong cia
mot diém dit liéu vSi cum ctia no so véi cadc cum khéc.

e SU dung dd nho gon cua cac cum riéng lé (khoang cach trong cum - intra cluster
distance) va sy tach biét gitta cic cum (khoang cach gitia cac cum - inter cluster
distance) d€ do luong di€m dai dién tong thé vé muc do ddong tic dong cha viéc phan
cum.

o GidstbodiliéuD = {D,D,,...,Dy} gobm N diém dugc gom lai thanh tap
U=1{U,U,,..., UNU} gdm Ny; cum (N, tap con).
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Silhouette Score

o Khodng céch trung binh cua data point thu D, (thudc cum U,) dén tat ca cac data point

con lai trong cum (khoang cach trong cum) la g; = Z d(i,j)

- Trong do | U, | 1a s6 data point ctia cum U, va | U;| — 1 d€ khong tinh khodng cach

d(i, i) trong tong.

o D;1a1a khodng cach giita cac cum dudc dinh nghia 1a khodng cach trung binh dén cum

gan nhat cha diém di liéu i ngoai trif cum ma no thudc veé:

1
b, = min ). d(i.j)
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Silhouette Score

o Khi do6 Silhouette Score / sil.a'wet/ cua data point thi i dudc tinh nhu sau:

B — g
S; = ——— néu |C;| > 1,vas; =0,néu |G| =1
max{a;, b;}

e Hodc co thé viét:

S; = 0, néu a; = . b,

b.la:—1, néua.> b;
L l l l l
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o Silhouette Score tong thé cho toan bo tap di liéu co6 thé dugc tinh bing cach 14y trung
binh ctia di€m Silhouette cho tit ca cic di€m di liéu trong tap di liéu.

o Nhu c6 thé thdy tir cong thdc trén, Silhouette Score luén nim trong khoang tir -1 dén 1.
Gi4 tri 1 biéu thi viéc gom cum t6t hon.

o Cu thé,
- -1: di€ém dii liéu ndm gitia hai cum
- 0: di€ém d{ liéu ndm trén ranh giéi cum

- 1: di€ém di liéu ndim gin tAm cum ctia no6
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Davies-Bouldin Index

o Davies-Bouldin Index - DBI: 1a mot metric dung d€ danh gia chit lugng cia cac cum
trong thuat toan gom cum.

o Chi s6 nay dugc st dung dé do ludng mtic do chit ché (cohesion) trong cum va mtuic do
tach biét (separation) gitta cac cum.

o Gia tri caa DBI thudc [0,00). DBI cang thip thi chat lugng ctia cum cang cao (khi DBI
bang 0 thi cAc cum tach biét hoan toan; gia tri cao hon, thi cic cum chong chéo 1én nhau),
nghia 1a cic cum vira chdt ch€ trong ndi b, vira tach biét ro rang véi nhau.

o B0 dif liéu dugc phan thanh Ny, cum, DBI dudc tinh nhu sau:

1 5i+5;
DBI = — )" R, v6i R; = max R, va R; = ——
Ny & J#i d(i, )
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e Trong do,

- S.1a d0 chit ché cia cum U, thudng dugc tinh bing d¢ 1éch chuin hoic ban kinh
cua cum.

|Ui|
S, = a4 Z |1D; = Ci||?, véi C; la diém trung tAm (centroid) cia cum U,

y \‘ITZ-IJ.=1

» Chinh 14 trung binh khodng cach gitta cac di€ém di liéu trong cum va tim cum.
Mot cum c6 do chit ché cao (gia tri S; nhd) néu cac diém di liéu gin véi tAm cum.
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- d(i,j) lakhodng cach gitia 2 cum U, U; (1a khoang cdch gitia cac tdm cua cym i va

cum j). Khoang cach nay cang 16n thi cdc cum cang tach biét.

- R; dai dién cho "dd giong nhau” I16n nhat gitta cum U, va cac cum khéc, dai dién mtc

do ma cum U, bi "gdp” v6i cum gan nhat (khong phdi la chinh né)
e Luuyrdng:
- DBI < 1: cac cum tach biét t6t, khong c6 chong chéo dang ké.
- 1 < DBI < 2:cac cum tich biét vira dua.

- DBI > 2: cac cum bat dau chong chéo 1én nhau, chat lugng mo hinh phan cum giam.
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Calinski-Harabasz Index

e Chi s6 Calinski-Harabasz Index - CH d€ do ludng su phan tin ndi cum so véi su phan
tan lién cum. Di€u do6 cé nghia 1a Chi s6 nay do ludng ty 1€ gitia tong phuong sai gitia
cac cum (inter-cluster dispersion) va tong phuong sai trong cac cum (intra-cluster
dispersion)

o VGibo dit liéu gom N di€ém D = {D,, D,, ..., Dy} dugc phan thanh N, cum
v, U,,...,U Nu}’ CH dudc dinh nghia la ty 1€ phan tach giita cac cum (between-
cluster separation - By;) v6i su phan tan trong cum (within-cluster dispersion - Wy)):
BU
Ny-1 By N—=Ny

Wo W, Ny—1
N—N,

CH =
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e Trong do,
- By tong s6 phuong sai gitta cac cum (between-cluster variance), chinh 1a tong c6 trong
NU
s0 ciia cac khodng cach tdm cum (C,) va tam dit liéu (C): By, = Z |C; — C|I?
i=1

- W(k): tong s6 phuong sai bén trong cum (within-cluster variance), 1a tong ctia khoang
cach gitia cac di€m di liéu va cdc tim cum tucng Gng cla chung:

Ny
Wy=Y Y D~ CJ?

l:1 DkEUi
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e Chiso6 CH con dudc goi la Variance Ratio Criterion.

o Gia tri cia CH cang cao thi chat lugng ctia cum cang t6t, tic 1a cac cum via chét ché
trong ndi bo, via tach biét rd rang véi nhau.

- CH > 1: cac cum tach biét t6t, khong c6 chong chéo dang Ke.
- CH > 0:cac cum tach biét 6 mutc dd nao do.

- CH < 0: cac cum khong tach biét, c6 thé cin xem xét lai s6 lugng cum.
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Minh hoa bang Python

### Tao dir liéu mau
from sklearn.datasets import make_blobs
X, y = make_blobs(n_samples=500, centers=4, random_state=0)

### Ap dung KMeans dé gom cum

from sklearn.cluster import KMeans

model = KMeans(n_clusters=4, random_state=0)
y_pred = model.fit_predict(X)

### Panh gia mo hinh gom cumg

from sklearn.metrics import *

print( "Silhouette Score: %4.2f" %silhouette_score(X, y_pred) )

print( "Davies Bouldin Score: %4.2f" %davies_bouldin_score(X, y_pred) )
print( "Calinski Harabasz Score: %4.2f" %silhouette_score(X, y_pred) )
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### Vé biéu dd cac cum
import matplotlib.pyplot as plt

plt.scatter( X[:,0],X[:,1],c=labels )
centers = model.cluster _centers_

plt.scatter( centers|:,0],centers|:,1],c="red',s=100,marker="'X")

plt.xlabel('Feature 1')
plt.ylabel('Feature 2')
plt.show()

Feature 2

2%
. ot .
&-\‘%&. P,

Feature 1
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Adjusted Rand Index

e Adjusted Rand Index (ARI): So sanh do phan bd nhan 16p du doan bdi md hinh gom
cum vGi d6 phan bd nhan 16p thuc t€. Gia tri cao hon cho thiy sy phan cum phu hogp véi
nhan 16p ban dau.

o ARI dugc tinh dua trén cong thiic Rand Index (RI), nhung c6 diéu chinh d€ loai bé su
dnh hudng ctua phin cum ngau nhién. Coéng thiic tong quat cia ARI nhu sau:

RI — E[RI]
ARI =
max{RIl} — E[RI]

o Trong do,
- RI'1a Rand Index
- E[RI] 1a gia tri ky vong ctia Rand Index d6i v8i phan cum ngau nhién.
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Rand Index

o Rand Index (RI) dugc st dung trong thong ké, va dic biét 1a trong phan cum d liéu dé
do su tuong dong gitta hai phan cum. RI dugc dinh nghia nhu sau:
- Cho mét Dataset D = {D,, D,, ..., Dy} gobm N phan t@ (goi 1a N di€ém di liéu) va 2
phan vung U, V cua D gom lan lugt c6 Ny, Ny, tap con (cum dit liéu), véi
a+b
a+b+c+d

U= {Ul’ U2,..., UNU} vaV = {Vl’ V2,. . .,VNV} thi RI =
- Trong do, a 1 s6 cip diém trong D ma thudc cuing mot tip con trong cia ca Uva V (1a

nhiing cip di€m ma trong cé hai két qua phan cum déu ndm trong cling mot cum)

a4 = ‘{(Di,Dj)/Dl- €U.D, € V,1<i,j<NI1<k<Nyl<I SNV}‘
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- blasd cip diém trong D ma khong thudc cing mot tp con trong cd Uva 'V,

b= ‘ {(D,D)/D, € U,,D, € U, D, € V,, D, € V1 <i,j <N, < ky,ky < Ny ky # kol < 1,1 < Ny by # 1) ‘

- cla so cdp diém trong D ma thudc cung mot tip con trong U nhung thudc tip con
khac nhau trong V,

c = ‘{(Di,Dj)/Di,Dj €eU,D;eV,,D;eV,,1 <i,j<NI1<k<Nyl <[, <Ny # 12}‘

- dlas6 cip diém trong D ma thudc cung mot tap con trong V nhung thudc tap con
khac nhau trong U,

d= ‘{(Di,Dj)/Dl- € U,.D, € U,,D,D, € V1 <i,j SN,1 <kyky <Nl <1< Ny ky # kz}‘
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e a+ bcothé dugc coilasélugng * Hay

dong thuan gita Uva V;conc + d N\ N!

la s6 lugng khong dong thuan gitia 2 21(N —2)!
e Nén mau s6 chinh 1a tong s6 cip, RI - o)

dai dién cho tan suat xuit hién ctia

cécu d6r’1g thgan tr‘én tfing»sfi C’é.pA‘ Suy ra RI = a+b

hodc xdcsuat XvaYsé dongyve N

mot cdp dugc chon ngau nhién. 2

_123..(N-2)(N— DN
C (1.2)x(1.2.3...(N=2)

=14+24+3+...+N—-1)

e Chinh vivdy, mau s6 ctia RIchinh o RJ c6 gi4 tri tir 0 dén 1, v6i O chi ra riing hai cum di

ra rang cac cum di liéu hoan toan giéng nhau.

N ¥ liéu khong dong thuin vé bat ky cip diém nao va 1 chi
la hay C,'.
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e RI dugc st dung dé do ludng su tuong dong gitia hai két qua phan cum U véi V 1a két
qua phan cum tham chiéu - da biét (ground truth). Nén c6 thé dong nhit

- av6i TP (s6 lugng cdp dudgc dan nhan chinh xac 1a thudc cung mot tip hgp con), b
v6i TN (s6 lugng cac cdp dugc dan nhin chinh xac 1a thudc vé cac tap hgp con khac
nhau)

- ¢VvGi FPvad véi FN.

~ TP + TN
TP+ TN+ FP+ FN

Nén R/

o Gia tri nay chinh do chinh xac tong thé (Accuracy) trong phin loai nhi phan trén cac
cap phan td trong D.

127 A.Prof. Tran Van Lang, PhD



Adjusted Rand Index

e Chi sé Rand diéu chinh (Adjusted Rand Index -
ARI) 12 mo6t phién ban dugc di€u chinh ctia chi s6
Rand, c6 tinh dén khé ning nhom cic phan ti ngau
nhién, nham cung cap mot thudc do chinh xac hon
vé do tuong dong gitta hai cum di liéu.

e ARI dudc tinh bing cach bo sung thém s6 phan t
n;; ndm trong giao cda cum i cia Uva cum jcia V

nhu bang bén canh.
ny = ‘ U,n V|, vi=TN,j=TN,

e Khi d6 ARI dudgc tinh nhu sau
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s 5 (%) - =&z ()

ARI — (i)N (a'> 2N <b>
° U a; v bj izl{ Zl j=‘; 2J
%[2Z1<2>+ j]\il (2)] - )

e Trong do,

- a;1a s0 phan t trong cum i ca U

- b;la s6 phén tu trong cym j cta V
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e Vi du minh hoa biang Python st dung ca silhouette_score() va
adjusted_rand_score() trén cung mot tip di liéu véi cung mot mo hinh huan luyén
dé danh gia chit lugng ctia két qua phan cum theo cac khia canh khéc nhau.

- Phuong thuc adjusted_rand_score () do ludng sy tuong dong gitta cac nhan thuc su
(y_true) va cic nhan dy doan (y_pred). Gia tri ARI dao dong tir -1 dén 1, trong dé 1
biéu thi su hoan hao, 0 bi€u thi phan cum ngau nhién va gia tri &m bi€u thi su phan
cum té hon ngau nhién.

- Phudng thtic silhouette_score(): Po ludng muic do tuong dong cia cac di€ém trong
cung mot cum so vdi cdc cum khéc. Gia tri silhouette dao dong tir -1 dén 1, trong dé
gia tri cao hon biéu thi sy phin cum t6t hon. Silhouette score khong yéu cdu nhan
thuc su (y_true).
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Minh hoa bang Python

### Ap dung KMeans dé gom cum

from sklearn.cluster import KMeans

model = KMeans(n_clusters=4, random_state=0)
y_pred = model.fit_predict(X)

### Panh gia ndi sinh va ngoai sinh

from sklearn.metrics import *

print( "Silhouette Score: %4.2f" %silhouette_score(X,y_pred) )
print( "ARI: %4.2f" %adjusted_rand_score(y_true,y_pred))

### Panh gia so vé&i mo hinh gom cum khac

from sklearn.cluster import AgglomerativeClustering, DBSCAN
agglom = AgglomerativeClustering(n_clusters=4).fit_predict(X)
dbscan = DBSCAN(eps=0.5, min_samples=5).fit_predict(X)

print( "ARI: %4.2f" %adjusted_rand_score(y_pred,agglom) )
print( "ARI: %4.2f" %adjusted_rand_score(y_pred,dbscan) )
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Adjusted Mutual Information

o Adjusted Mutual Information - AMI dugc hiéu chinh ti chi s6 Mutual
Information (MI).

o Tuong tu nhu ARI véi dataset gom N phan tt D = {d|, d,, . .., dy} c6 2 phan cum dudc
dingdésosinhla U = {U}, U,,..., Uy } c6 Nycum,va V= {V,,V,,..., Vy } cO Ny,

cum.

e O day gia thiét viéc phan vung dudc goi 1a phan cum cting (hard cluster), nghia la viéc
phén vung dugc téch r&i theo cdp: U,NnU; = @ = VNV, Vi,j € [I,N] va

Ny 17 — Vv v —
e Ui_Uj=1VJ'_D
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o Mot doi tugng dugc chon ngau nhién ti D thi xac suat ma doi tugng roi vao cum U, 1a
| U; |
pU. — W
’ N

e Khidé Entropy lién két v6i phén cum U la:

|U| |Ui|
H(U) = ZPU log Py, = Z -

- Entropy 1a mot khai niém tir ly thuyét théng tin dugc sit dung dé€ do ludng mtic do
khong chic chin hoic su hon loan ciia mot phan phdi xac suit. Trong ngti cinh phan
cum, entropy cia mot tip hgp nhan U do ludng su khong chac chan lién quan dén
phan phéi cic nhan trong U.
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< Vil | Vil

Tudng tu nhu vay, cho V ¢c6 entropy la: H(V) = — Z ! log !
Jj=1 Y
Ny Ny P

iy

Khi d6 d6 do MI cua 2 phan cum U va V'1a: MI = Z Z PUiVj log
i=1 j=1

: PyPy

o Trong do P, bi€u thi xac sudt ma mot di€ém thudc vé ca hai cum 1a cum U, trong U va
iVj
| U;n V|
N

cum V; trong V. V6i PU,-VJ- =
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e Khi do,

|U-nV|
Ny Ny |U.nV.| Ny Ny p.. n..N
_ I J lJ Yy
L N TR NTATRA
i=1 j=1 T i=1 j=1 J

e MI 1a mét dai lugng khong am chén trén béi entropy H(U), H(V). Tt day AMI dudgc
MI — E[MI]
max {H(U),H(V)} — E[MI]

tinh theo kiéu ARI'1Aa AMI =

e Trong do
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N, Ny min(al-,bj) n N X n

E{MIU,V)} = Y » ﬁlog a.b.ij x

i=1 j=1 n;=max{0,a+b—N) rJ
. a;!b;!(N — a) (N — b)!
Nln;Na; — ni) [(b; — ni)) (N — a; — bj + n;) !
e VOi
NV NU
_ &= b= Z 1
j=1 i=1
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o AMI ciing nhu ARI cho biét muic dd tuong dong gitta cac cum thuc su va cdc cum dugc
du doan

- Gia tri cao (gan 1): phan cum du dodn gan nhu giéng v6i phan cum thuc suy.
- Gia tri bang 0: phin cum du doan khéng t6t hon phan cum ngau nhién.

- Gia tri Am: phan cum du doan té hon phan cum ngau nhién.
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Homogeneity

Homogeneity 12 mot thuéc do danh gia muc d6 ma cic cum chi chia cac diém di liéu
thudc v€ mot 16p duy nhit.

Khi c6 hai phan cum U va V, c6 thé€ st dung cong thiic Homogeneity dé€ danh gia muc
dd ma cac cum trong U dong nhat véi cac 16p trong V. Homogeneity H cia phan cum U
so vGi phdn cum V dugc dinh nghia nhu sau:

_H(UlV)

H=1 ;néu H(U)=0thiH =1
H(U)

Trong do,

- Entropy c6 diéu kién H(U | V) 1a moét thuéc do danh gia mtic d6 khong chac chan
hodc hon loan ciia mot phan cum U khi biét phan cum V.
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» Con trong ngt cAnh phan cum, H(U | V) do ludng su khong chic chan ctia viéc
gan cac di€m dii liéu vao cic cum cta U khi biét chung da dugc gan vao cac cum

cua V.

- Entropy c6 diéu kién cfla U cho truéc V dudc dinh nghia la:

,voin, = |U;NV]

HU|V) =

N IVI VJI

| U] | U; |
Con H(U) 1a entropy cia cum U: H(U) = Z—l gT
i=1
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Completeness

Homogeneity do ludng muic 6 ma cac cum du dodn chia cac di€m di liéu ctia cidc cum
thuc su. Con Completeness C do ludng muc do ma cac cum thuc sy dugc phan bo trong
cac cum du doan.

Hai thuéc do nay giup danh gia tinh dung dan cia phan cum theo hai huéng khac
nhau, ddm bdo ring cé viéc gom nhom céac diém di liéu trong cing mot cum va phan
pho6i cac cum du doan déu dugc xem xét.

HV|U
NenC=1 - [({("/) ),Vc’ii H(V) 1a entropy phan cum thuc su V;con H(V|U) la

entropy c6 di€u kién ctia phan cum thuc su V cho phian cum du doan U.
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V-measure

e D0 do V-measure V'1a trung binh diéu hoa ctia Homogeneity va Completeness, cung cip
mot thuGc do tong hgp vé chit lugng phan cum

1 HU|V) 1 H(V|U)
. 2 HXxC ( T H®) )( H(®V) )
Khido V = =2 =
. 1.1 H+C 5 _ BUIV) _ HUID)
H C H(U) H(V)

o« V€ [0,1],cang gan 1 cang tot.
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Minh hoa bang Python

### Bai toan gom cum

from sklearn.datasets import make_blobs
from sklearn.cluster import *

from sklearn.metrics import *

# Tao dir liéu mau
X, y_true = make_blobs(n_samples=500, centers=4, random_state=0)

# Ap dung KMeans dé gom cum
model = KMeans(n_clusters=4, random_state=0)
y_pred = model.fit_predict(X)

### Danh gia ngoai sinh

print( "ARI: %4.2f" %adjusted_rand_score(y_true,y_pred) )

print( "AMI: %4.2f" %adjusted_mutual_info_score(y_true, y_pred) )
print( "Homogeneity: %4.2f" %homogeneity_score(y_true, y_pred) )
print( "Completeness: %4.2f" %completeness_score(y_true, y_pred))
print( "V-measure: %4.2f" %v_measure_score(y_true, y_pred) )
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Nhan dinh

e Viéc gom cum t6t 1a viéc phén chia tip di liéu thanh cdc nhom (cum) sao cho cac diém
di liéu trong ciing mot cum c6 do tuong dong cao va cac diém di liéu thudc cac cum
khac nhau c6 d6 khac biét cao.

e MOt m6 hinh gom cum tot sé€ dap tng cac tiéu chi sau:

- P tuong dong ndi cum cao: Cic diém dit liéu trong cung mot cum nén c6 do
tuong dong cao vé cac thudc tinh hodc dic diém. Vi dy, trong trudng hgp phan cum
khach hang, cac khach hang trong ciing mot cum c6 thé ¢6 hanh vi mua hang tucng
dong, sd thich chung hodc thudc cuing mét phan khtac thu nhap.

- Do khac biét lién cum cao: Cac di€ém dii liéu thudc cac cum khac nhau nén c6 do
khac biét cao vé cac thudc tinh hodc dic diém. Diéu nay gitip ddm béo ring cac cum
dugc phan biét r6 rang va khong chong chéo 1én nhau.

143 A.Prof. Tran Van Lang, PhD



S0 lugng cum hgp ly: S6 lugng cum nén phu hgp véi ban chat dit liéu va muc tiéu
phan cum. Néu cé qua it cum,co thé bo qua cac ciu trdc quan trong trong di

liéu. Ngudc lai, néu c6 qua nhi€u cum, c6 thé dan dén viéc phin chia di liéu qua mtic
va kho gidi thich két qua.

Su 6n dinh: M6 hinh gom cum nén tao ra két qua tudng tu khi 4p dung cho cuing mot
tap dif liéu vdi cac gia tri khéi tao khac nhau. Piéu nay ddm bdo ring mo6 hinh khong
phu thudc vao cac yéu t6 ngau nhién va c6 thé cung cidp két qua nhit quan.

Kha ning giai thich: M6 hinh gom cum nén dé hiéu va giai thich. Diéu nay gitp ngusi
dung hiéu dudc cc sG cho viéc phan chia di liéu va co thé st dung két qua phin cum

cho cac muc dich ti€p theo.

Hiéu qua tinh toan: M6 hinh gom cum nén c6 thé tinh todn nhanh chong va hiéu
qua, ddc biét khi lam viéc véi tap dit liéu 16n.
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o Ngoai ra, viéc gom cum t6t con phu thudc vao muc tiéu cu thé ctia ing dung.

- Vi du, trong trudng hgp phian cum khach hang, co thé tap trung vao viéc phan chia
khach hang thanh cdc nhom c6 hanh vi mua hang tucng dong dé thuc hién cac chién
dich ti€p thi hiéu qua hon.

- Hoic trong trudng hop phan cum gen, c6 thé tip trung vao viéc xac dinh cdc nhém
gen c6 chdc niang hodc lién quan dén mot bénh cu thé.
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o Ngoai ra cling c6 thé xem xét cac ddc di€ém va tiéu chi cu thé nhu sau:
- Do chit ché (Cohesion)
» Cac di€ém trong cung mot cum nén gan nhau.

» Pugc do ludng bang cac metric nhu Silhouette Score va khodng cach trung binh
gitia cac diém trong ciing cum.

» Cum c6 do chiit ché cao thudng c6 khoang cach nhé gitra cac diém trong cum.
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- Do tach biét (Separation)
» Cac cum nén khac biét va cach xa nhau.

» Dudgc do ludng bang khodng cach gitta cac cum hodc cac metric nhu Davies-
Bouldin Index.

» Cum c6 do tach biét t6t c6 khodng cach 16n gitia cac di€m cta cac cum khac nhau.
- SO lugng cum hgp ly

» SO lugng cum nén phu hgp véi ban chat caa di liéu.

» Qua nhiéu cum co thé dan dén viéc phan manh (fragmentation), trong khi qua4 it

cum c6 thé dan dén viéc gdp nhom cac diém khong tuong dong.
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- P on dinh (Stability)

» K&t qud gom cum nén 6n dinh khi 4p dung trén cdc mau di liéu khac nhau hoic
khi c6 cac bién d6i nhé trong di liéu.

» Thudng dugc danh gia bang cach chay lai thuat todn trén cac bo dif liéu khac nhau
hoic v6i cic khdi tao khac nhau va ki€m tra su dong nhit cta cac két qua.

- Y nghia thuc té (Interpretability)
» Cac cum nén co y nghia va dé hiéu trong ngi cdnh cda bai toan.

» Diéu nay thudng yéu ciu sy kiém tra bidng mit hodc phan tich chi quan béi
chuyén gia trong linh vuc cu thé.

148 A.Prof. Tran Van Lang, PhD



